Dedicated to Fabrizio Vestroni, who I have known and cooperated with since we were both sixteen, on the occasion of his 60th birthday (GR). Abstract: The dynamical integrity of nonlinear mechanical oscillators is analyzed in a systematic way extending a previous authors' work. The definition of the safe basin, which is a crucial point that entails choosing what is dynamically acceptable, is critically reviewed. Two different integrity measures are used to quantify the magnitude of the safe basin. When drawn as functions of a varying parameter, they give the so-called erosion profiles, which are the key tool for studying the variation of dynamical integrity. The main focus is on the practically most interesting cases in which the parameter is the excitation amplitude and the integrity reduces as it increases. With the aim of reducing erosion, namely of shifting the erosion profiles toward larger excitation amplitudes, a control method is then applied. It is based on eliminating the homo/heteroclinic bifurcation of the hilltop saddle, which is the triggering event for the considered erosions, by optimally choosing the shape of the periodic excitation. The erosion curves of four different mechanical oscillators, chosen with the aim of covering some main mechanical, dynamical and control features, are numerically constructed and systematically compared with each other. It is found that the control is always able to shift the erosion profiles, although to different extents. Furthermore, its effectiveness may extend above, sometimes well above, the theoretical predictions. Several supplementary specific issues of dynamics and control interest are discussed in detail.
INTRODUCTION
This work overviews and continues recent investigations by the authors on the dynamical integrity of nonlinear mechanical oscillators, an issue which was formerly addressed by Thompson and co-workers (Thompson, 19891 Soliman and Thompson, 19891 Lansbury et al., 1992) .
It is nowadays realized that, for safe practical applications, dynamic attractors must be paralleled by uncorrupted basins. Indeed, eroded basins constitute a critical state corresponding to impending system failure, which can be instantaneous and dramatic in the presence of perturbations or uncertainties. Yet, dealing with a system only when the erosion is totally prevented may be too conservative, because it can actually survive safely well above the relevant threshold, if the erosion is not sharp.
These considerations call for a detailed investigation of the issue of dynamical integrity, which is the first objective of this work and schematically consists of various basic steps.
1. Choosing the right definition of "safe basin," i.e., of what is dynamically acceptable. 2. Choosing an appropriate integrity measure quantifying the magnitude of the safe basin.
Both points strongly depend on the problem at hand and may significantly vary from case to case. 3. Investigating the evolution of the basin for a varying problem parameter. When the integrity is reduced throughout this process, we name it "erosion". From an engineering viewpoint this phenomenon can be studied by the erosion profiles, which provide key information such as, the start and end points of erosion. As a matter of fact, they also furnish fundamental insight to the design of the controllable parameter, allowing for its optimal selection if the erosion profile has maxima, or suggesting to stay far away from relevant dangerous sharp falls. 4. The last point consists of analyzing the outcomes of safe basin collapses, which correspond to the onset of different, system-dependent, phenomena, which may or may not represent the actual collapse of the structure, and can therefore have different degrees of dangerousness.
All of these analyses should be paralleled by theoretical work aimed at studying the topological mechanisms responsible for integrity reduction and for the bifurcation event determining the final destruction of the safe basin. However, while providing fundamental understanding, these investigations are not likely to provide meaningful practical information, so they will be deferred to future investigations.
The previously mentioned topics concern the analysis of given systems and the understanding of their dynamical behaviour. Of course, from an engineering point of view it can be useful, or even necessary, to act in such a way to maintain adequate levels of dynamical integrity within fairly large parameters regions. Thus, control techniques able to provide the required performance are welcome and worthy of application, and permit better practical use of the oscillator.
In fact, the second objective of this work is to determine whether it is possible to preserve the dynamical integrity under severe working conditions, or, equivalently, to reduce/postpone the safe basin erosion. A technique previously developed by the authors (Lenci and Rega, 2004a) for controlling nonlinear dynamics and chaos is applied. The method consists of optimally eliminating appropriate homo/heteroclinic bifurcations governing system dynamics by varying the shape of the excitation, and relies on the observation that the erosion is usually triggered by the global bifurcation of a given (usually hilltop) saddle, although it can also involve other topological events.
Different systems (e.g., smooth versus non-smooth, hardening versus softening, symmetric versus asymmetric, etc.), chosen to cover some main mechanical, dynamical and control DYNAMICAL INTEGRITY AND CONTROL 161 aspects, are addressed and compared with each other as regards the integrity behavior, the features of erosion and final escape, and the performances of the control procedure. Both classical (e.g., Helmholtz, Duffing, the rocking block) and non-classical (a model of an electrodynamically actuated microbeam) oscillators, representing actually discrete systems or unimodal approximations of continuous structures, are considered. Uncontrolled and controlled erosion profiles are built, and investigated in detail.
While the various mechanical systems have been separately, and independently, investigated in detail in previous authors' works (Lenci and Rega, 2003a1 2003b1 2005a1 2006 , they are herein addressed and overviewed in a unitary framework. As a matter of fact, apart from some minor specific points, the original part of the work is a detailed and systematic comparison amongst the various systems, aimed (i) at enlightening on how the dynamical integrity is influenced by their mechanical properties, in general, and (ii) at illustrating the effects of control in terms of dynamical integrity, in particular. The latter aspect is particularly worthy, because it permits to compare the practical effects of control, and to judge on its effectiveness with respect to a large number of mechanical, bifurcational and dynamical issues, thus complementing and completing on the technical side the more theoretical comparison performed elsewhere (Lenci and Rega, 2004a) . The joint results of these two works provide the necessary background and the overall knowledge necessary to acquire reliability on control.
The paper is organized as follows. In Section 2 the definitions of safe basin, the evaluation of integrity through appropriate measures, the reduction of erosion by varying systems parameters, and the maintenance of integrity by control are briefly addressed. The four reference mechanical systems are studied in Section 3, while Section 4 is entirely devoted to a detailed comparison and discussion of the principal properties of dynamical integrity (including the onset of out-of-well attractors after escape) and control, as highlighted by the considered sample systems. The paper ends with some conclusions and suggestions for further developments (Section 5).
DYNAMICAL INTEGRITY: DEFINITIONS, EVALUATION, REDUCTION (EROSION) AND CONTROL
The fundamental issues necessary for an accurate investigation of the dynamical integrity, of its evaluation, of its erosion and of its control have been studied in Rega and Lenci (2005) , a paper which the reader is referred to for details. The main aspects of that work are summarized in the following subsections to set the proper research framework.
Safe basin
The safe basin is the union, in phase space, of all initial conditions guaranteeing some specific, dynamically acceptable, response performances, which are usually the convergence in time toward one or more attractors, or the non-escape from a potential well. It can be the safe basin of a specific attractor, in this case coinciding with a classical basin of attraction (Hsu, 1987) , or it can refer to a potential well, in this case being the union of the basins of all attractors belonging to the considered well.
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The safe basin can be built either by considering only the steady state dynamics, which makes sense when one is interested in the system stationary regime, or by paying attention also to the transient dynamics, in cases where the short-term dynamics is the most important part of the response or some unsafe phenomena -such as a temporary escape from the potential well -may occur during the transient. Technically, they differ because the former basins are bounded by the stable manifolds of some relevant saddles, thus having a clear dynamical meaning, whereas the latter do not possess this property. Yet, in several applications, the ensuing differences are actually minor and this distinction remains mainly a theoretical issue. Accordingly, in this paper only steady dynamics will be considered.
The previous definitions do not care about the phase of the excitation, though it can actually be important in many practical situations. To take this aspect into account, the "true" safe basin is defined as the intersection of the previously defined safe basins when the excitation phase ranges over a time interval of interest (e.g., the period for periodic excitations, or the period of free vibration for impulsive excitation). The "true" safe basin is the smallest phase-independent set of initial conditions leading to "safe" dynamics.
Integrity measures
Various parameters have been proposed to measure the magnitude of the safe basins (Soliman and Thompson 19891 Rega and Lenci, 2005) . They have different meaning, relevance and properties. Only two of them will be used in this work.
The Global Integrity Measure (GIM) is the normalized hyper-volume (area in 2D cases) of the safe basin. It is the most intuitive and easy integrity measure, but it is not satisfactory in all cases in which the safe basin is strongly fractal. Normalized means that the hyper-volume of the safe basin corresponding to the actual value of a varying parameter is divided by that corresponding to a reference value, so that GIM is a dimensionless number.
The Integrity Factor (IF) is the normalized radius of the largest hyper-sphere (circle in 2D cases) entirely belonging to the safe basin. The IF is as computationally easy as the GIM, but it succeeds in eliminating the unsafe fractal tongues from the integrity evaluation. In fact, it is a measure of the compact part of the safe basin, which is the solely region which guarantees the dynamical integrity of the system.
Reduction of integrity and the erosion profiles
The integrity measures are useful in studying how the system reliability is changed when the parameters vary. Drawing the integrity measure as a function of a varying parameter provides the so-called "erosion profiles", which highlight the variation of dynamic integrity.
In practical applications a very important parameter is the excitation amplitude, and its increase usually determines a reduction of integrity, namely, a loss of structural safety, which justifies the name erosion. The erosion profiles for various mechanical oscillators will be reported in Section 3.
The erosion can be studied through the detection of proper invariant manifolds, which are the basin boundaries, and the analysis of their evolution, in particular by studying the relevant global bifurcations, which are the key mechanisms for erosion. This is exact if the DYNAMICAL INTEGRITY AND CONTROL 163 safe basins coincide with classical basins of attraction, whereas only approximate, but in any case enlightening, in the other cases.
The reduction of integrity is commonly triggered by homoclinic or heteroclinic bifurcations allowing the basins of surrounding attractors to enter the safe basin and to reduce their magnitude. Then, it proceeds with different topological mechanisms, which are extremely complex and may involve secondary homo/heteroclinic bifurcations, as already mentioned. The erosion ends with the complete destruction of the safe basin and with the onset of other dynamical regimes, which may be desirable (e.g., in the case of anti-control, in MEM switches), simply tolerable (e.g., cross-well dynamics in hardening systems) or destructive (ship capsize, rigid block overturning, MEM sensors).
Erosion reduction by control
The basin erosion clearly reduces the dynamical integrity of the system, so that the possibility of its control, namely the increment of the integrity measure, has a great theoretical and practical interest.
With this and other objectives, the authors Rega, 2004a, 2004b) have recently developed a general control technique aimed at shifting the homo/heteroclinic bifurcations towards higher excitation amplitudes. Although the idea is general, it has been mainly applied to the bifurcations of homoclinic and/or heteroclinic loops surrounding the potential well(s), those which asymptotically approach the hilltop saddle(s), which can be detected by the Melnikov method (Guckenheimer and Holmes, 19831 Wiggins, 1988) .
The global bifurcation can be eliminated in various manners, and in previous works it has been done by optimally varying the excitation shape, i.e., by adding controlling superharmonics to a given harmonic term, to be considered as the reference excitation.
Two different approaches have been proposed. If one wishes to shift only a single global bifurcation, then one applies the so-called "one-side" control, which is theoretically very effective (the critical amplitude for bifurcation can grow up to a factor 2) but controls only one part of the phase space. When there are two (or more) relevant global bifurcations, "one-side" control is paralleled by the so-called "global" control aimed at increasing simultaneously all possible homo/heteroclinic bifurcations. While providing a spread control of phase space, this approach is theoretically less performant, and thus it is alternative and not competing with the "one-side" control.
The effectiveness of this control technique in shifting the erosion profiles toward higher excitation amplitudes, which means that the control is effective in reducing erosion, will be illustrated in the following section.
VARIOUS MECHANICAL OSCILLATORS
Four different systems are considered, chosen with the aim of covering the main mechanical, dynamical and control features and investigating how they influence the erosion. A detailed discussion and comparison of various aspects of the dynamics exhibited by the four oscillators will be the subject of Section 4. 164 G. REGA and S. LENCI
Helmholtz
The dimensionless Helmholtz equation
describes a smooth, softening and asymmetric oscillator and governs the dynamics of various softening mechanical systems (Lenci and Rega, 2003a) . 2 (4t) is the generic 27/4-periodic external excitation: 2 1 is the amplitude of the basic harmonic, and a measure of the overall excitation amplitude, while 2 j are the amplitudes of the controlling superharmonics, which, together with the phases 6 j , govern the excitation shape and are optimally determined by the control technique (Lenci and Rega, 2003a) . The erosion profiles corresponding to harmonic and "one-side" control ("global" control does not apply because there is a single potential well surrounded by a single homoclinic loop) with either one or two controlling superharmonics are reported in Figure 1 . Here the safe basins are the classical basins of (in-well) bounded attractors, and the integrity is measured by the GIM.
The excitation frequencies considered are close to the vertex of the escape triangle in the excitation parameters plane (Szemplinska-Stupnicka, 1992) . Thus, we are considering the most dangerous frequencies (those for which escape occurs for the lowest value of excitation amplitude), where even small improvements are very useful.
The vertical segments correspond to the numerically detected homoclinic bifurcation of the hilltop saddle, which, as expected, is clearly seen to be the dynamic phenomenon triggering the erosion in all the cases considered. Figure 1 clearly shows how the control is effective in reducing erosion. An in-depth discussion of Figure 1 is, however, postponed to Section 4, where the diagrams will also be compared with those of other mechanical systems.
Duffing
The dimensionless Duffing equation
describes a smooth, hardening and symmetric oscillator and governs the dynamics of various hardening mechanical systems (Lenci and Rega, 2003b) . The excitation 2 (4t) is the same as in (1). The erosion profiles corresponding to harmonic, "one-side" and "global" (which now applies) controls with a single controlling superharmonic are reported in Figure 2 for 4 6 018, a value close to the vertex of the V-shaped region of cross-well chaos (Szemplinska-Stupnicka, 1992) and therefore practically important. Here the safe basins are still the classical basins of attraction of in-well attractors, but the integrity is now measured by the IF. Figure 2 shows how the global optimal excitation (curve (b)) is able to shift the erosion curve toward larger amplitudes with respect to the harmonic excitation (curve (a)), namely, it is effective in reducing erosion. The (right) one-side control has different properties. In fact, due to the asymmetry of this excitation (Lenci and Rega, 2003b) , the dynamics in the left and right wells are different: the erosion curve (c) l of the left uncontrolled well is lower than curve (a)1 namely, there is strong erosion in the uncontrolled potential well. In the right controlled well, on the other hand, basically there is no erosion at all (curve (c) r ), thus showing the local character of the one-side control.
Both one-side erosion curves end at 2 1 7 01066, where the last attractor belonging to the left potential well disappears by a saddle-node bifurcation (Lenci and Rega, 2003b) . For 2 1 8 01066 (and up to 2 1 7 010951) there are only confined attractors in the right controlled well, so that their safe basin coincides with the whole phase space and erosion no longer makes sense. We close this section by noting that the curve (c) r does not fall down, in agreement with the fact that the right homoclinic bifurcation occurs at 2 r 19cr 6 010807, a value well above the point where the curve disappears.
Rigid block
The nonlinear dynamics of a slender rigid block rocking around base corners in a constant gravitational field is governed by the well-known Housner model Rega, 2005a, 2005b) :
x 5 x 3 012 3 2 34t5 6 09 x 8 08 2 x 3 4 x 5 x 5 012 3 2 34t5 6 09 x 08
In (3) is the damping coefficient, r the restitution coefficient, and the excitation, representing the dimensionless horizontal acceleration of the foundation, is the same as in (1) with 6 j 6 6 j 3 72.
Contrary to previous examples, for the rigid block there is no natural frequency around which to focus numerical analyses. Thus, there are no preferred values of the excitation frequency, and we choose 4 6 315. For this value and for 6 0102 and r 6 0195, the four erosion profiles with harmonic excitation and corresponding to classical and "true" in-well safe basins as well as to GIM and IF are reported in Figure 3 , and are discussed in Section 4. Note that the vertical line corresponds to the homoclinic bifurcation threshold 2 19cr 6 01094 and that the curves are normalized with respect to their values at 2 1 6 0105.
Figure 3 aims at comparing two safe basin definitions and two integrity measures. To visualize the differences between classical and "true" in-well safe basins we report two relevant examples in fractality is also much reduced in the "true" safe basin, which is more compact and closer to the interior circle involved in the definition of IF, which is also reported.
In Figure 3 we fixed the kind of excitation and varied both the safe basin definition and the integrity measure. The opposite is done in Figure 5 , where we report the erosion profiles for the classical safe basin of the potential well and the IF, for both harmonic and "global" control with a single added superharmonic excitation ("one-side" control is herein theoretically expected not to work (Lenci and Rega, 2005a) ). Once more, control is shown to be effective in shifting the erosion profile toward higher excitations, in particular the sudden fall occurring just ahead of the homoclinic bifurcation, although it becomes ineffective afterwards.
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MEMS
The dimensionless equation
x 3 x 3 x 3 5 0114 3 2 34t5 31 5 x5 2 6 0 ( 4 ) describes the single d.o.f. nonlinear dynamics of a thermoelastic rectangular microbeam subjected to an axial load and to a concentrated electrodynamic transverse force applied at midspan, fixed at both ends and supposed to be in an ultra-high vacuum environment (Lenci and Rega, 2006) . 2 (4t) is still given in (1), and here it is proportional to the applied oscillating voltage. The effects of control on the erosion profiles are shown in Figure 6 for both IF and GIM. Here the classical safe basin of the potential well is used, and only one "one-side" controlling superharmonic is added to the basic harmonic excitation ("global" control does not apply). As for the Helmholtz and Duffing oscillators, the frequency 4 6 017 is close to the vertex of the V-shaped region of escape (Lenci and Rega, 2006) .
The three curves in Figure 6 correspond to harmonic, generic control and optimal control excitations. It is evident that the control is able to shift the erosion profiles, and that the shift is larger with the theoretically determined optimal value of the amplitude of the controlling superharmonic.
To better highlight the effect of the increasing amplitude of the controlling superharmonic, we report in Figure 7 the erosion profiles for the fixed excitation amplitude 2 1 6 010025, which corresponds to the sudden fall of the curve of harmonic excitation in Figure 6 , DYNAMICAL INTEGRITY AND CONTROL 169 Figure 6 . MEMS: Erosion profiles for harmonic (2 2 2 1 6 0), control (2 2 2 1 6 015) and optimal control (2 2 2 1 6 116591) excitations for 4 6 017. The homoclinic bifurcation in the case of harmonic excitation occurs at 2 19cr 6 01001078. and for the varying relative amplitude 2 2 /2 1 . Looking at the numerical gains G, which are values of each integrity measure normalized to 1 in correspondence with the harmonic excitation, it is clear that the best result is obtained for 2 2 /2 1 7 116, which is in perfect agreement with the theoretically predicted optimal value 2 2 /2 1 6 116591. This occurs with both IF and GIM, although the former integrity measure is more effective in highlighting the benefits of control. The possibility to satisfactorily also apply non-optimal control is discussed at the end of Section 4.
DISCUSSION OF UNCONTROLLED/CONTROLLED DYNAMICS OF DIFFERENT OSCILLATORS
This section is devoted to a discussion and comparison of dynamical integrity features of various mechanical oscillators, as briefly illustrated in Section 3. The basic observation is that control is always able to shift the erosion profiles corresponding to reference harmonic excitation towards higher excitation amplitudes (Figures 1,  2 , 5 and 6), and thus it is broadly effective, although to a different extent, in increasing the range of dynamic reliability of the oscillator, this representing a practically appealing feature.
The other points of specific comparison are listed below by grouping them within two broad classes of mechanical/bifurcational issues and integrity/control issues. Prior to proceeding further, it is worth noting that due to the large variety of mechanical systems considered, the properties reported below are suggested to be very general, but of course they hold rigorously only for the cases considered, and different situations can in principle occur for other values of the parameters and/or for different oscillators.
Mechanical and bifurcational issues
Hardening (Duffing) versus softening (Helmholtz, rigid block, MEMS) systems. The main difference between hardening and softening systems is related to the out-of-well attractor onto which the system settles down at the end of the erosion process. It is a cross-well attractor for the Duffing oscillator, which in practical applications may be undesirable but not destructive, whereas it is an attractor corresponding to the actual system failure for all of the others.
In terms of erosion, the difference is that for (multi-well) hardening systems the eroding attractor(s) is (are) that (those) of the neighboring potential well, and vice versa, and we observe mutual tangling of the relevant safe basins. For softening systems, on the other hand, the safe basin of the single well is always eroded by the out-of-well, destroying, attractor. This difference, however, stays in the background, and does not emerge in the erosion profiles. In fact the sole difference occurs in the erosion curves of the Duffing oscillator with "one-side" control, which are shown to be interrupted by the disappearance of the eroding attractor, a fact that is likely non-generic and that cannot occur for softening systems where the destroying attractor always exists.
As there are no more specific differences attributable to the different mechanical nature of the systems, we can conclude that the control effectiveness is independent of the kind of nonlinear behavior.
Symmetric (Duffing, rigid block) versus asymmetric (Helmholtz, MEMS) systems.
Another mechanical characteristic that is illustrated by the four systems considered is the symmetry of the restoring force. The effects of the symmetry are that (i) in the Duffing oscillator the two homoclinic bifurcations occur simultaneously for both harmonic and "global" control excitations (but not for the "one-side" control, which is an asymmetric excitation making the system dynamical behavior asymmetric), and that (ii) in the rigid block the potential well is surrounded by a couple of heteroclinic orbits, which become a unique, structurally stable, homoclinic loop in the presence of imperfections, thus rendering the "one-side" control inef-DYNAMICAL INTEGRITY AND CONTROL 171 fective in this case (see the following point "Homoclinic versus heteroclinic bifurcations"). While these properties are quite important for the theoretical developments of control, they appear to have minor consequences on the dynamical integrity.
In fact, the results of Section 3 show that, in terms of erosion profiles, there are no significant differences between symmetric and asymmetric systems, with both harmonic and control excitations, so that this mechanical feature does not seem to influence the dynamical integrity behavior.
Among the others, this conclusion is likely to be particularly related to the specific cases considered in Section 3. In fact, it can be conjectured that in other asymmetric systems, such as, for example, the Helmholtz-Duffing oscillator, the asymmetry may play a non-negligible role in terms of dynamical integrity, as suggested by the theoretical developments in Lenci and Rega (2004b) .
Smooth (Helmholtz, Duffing, MEMS) versus non-smooth (rigid block) systems.
The third mechanical property that can be discussed on the basis of the sample oscillators of Section 3 is the system smoothness versus non-smoothness. This difference has meaningful consequences in the analytical detection of the homo/heteroclinic bifurcations, which is, however, a technical point, while it does not seem to have consequences in terms of dynamical integrity and erosion profiles. In fact, even the perfect coincidence between the global bifurcation and the sudden fall of the profiles (see the following specific point), which is seen to occur only in Figure 5 , cannot be attributed to the system non-smoothness, as it does not occur, for example, in Figure 3 .
More generally, based on our experience, we can say that the piecewise nature of the system does not seem to entail specific characteristics in terms of either dynamical integrity or of its control. This conclusion is further supported by the results of previous numerical investigations of the nonlinear dynamics and control of an inverted pendulum with rigid lateral barriers (Lenci and Rega, 1998) , herein not reported, where no specific outcomes that could be clearly ascribed to the presence of a piecewise restoring force were highlighted. Of course, this does not mean that any specific effects may actually exist as regards the bifurcational behavior, but just that they are not robust enough to systematically affect the integrity scenario. We conjecture that there might be pathological effects requiring a detailed investigation.
Global bifurcations triggering the erosion.
A characteristic observed in all cases apart from the MEMS (Figure 6 ) is that the starting points of erosion are just ahead, and in good agreement with, the homo/heteroclinic bifurcations of the hilltop saddles. Moreover, in the case of the rigid block ( Figure 5 ), this agreement is indeed a perfect coincidence.
This property confirms that these global bifurcations are the necessary pre-requisite for erosion, which successively evolves through other, topologically more complex, bifurcational events (Thompson, 1989) up to the system escape. Along with the associated possibility of analytical treatments, this justifies why the control method, which in principle can be applied to any global bifurcation (Lenci and Rega, 2003c) , has been correctly applied to the homo/heteroclinic bifurcations of the hilltop saddles.
In the case of MEMS, the control is in any case effective, in spite of the fact that the sudden fall in the profiles is likely due to a secondary heteroclinic bifurcation embedded in the dynamics and not to the homoclinic bifurcation of the hilltop saddle (Lenci and Rega, 2006) . This further underlines the robustness of control, which shows to be practically effective also beyond theoretical expectations.
Homoclinic (Helmholtz, Duffing, MEMS) versus heteroclinic (rigid block) bifurcations.
The cases of Section 3 permit one to compare systems with a couple of heteroclinic orbits surrounding the potential well (rigid block) with systems with homoclinic orbits surrounding the unique (Helmholtz, MEMS) or the two (Duffing) potential wells. This difference has consequences in terms of theoretical implementation of control, and it is at the base of the non-effectiveness of "one-side" control for the rigid block. In fact, if, by "one-side" control, we eliminate only one heteroclinic bifurcation, say, the upper, we inhibit the penetration of fractal tongues from the upper part of the phase space, but we allow for their penetration from the lower part, where the other heteroclinic bifurcation not only has not been removed, but has been amplified Rega, 2005a, 2005b) .
Apart from this aspect, which has also consequences in terms of maximum expected theoretical performance (which is larger with the "one-side" control (Lenci and Rega, 2004a) ), there are no other apparent consequences of this dynamical feature in terms of erosion, as, for example, the erosion profiles of Figure 5 are similar to those of the other mechanical oscillators.
Integrity and control issues
Practical and theoretical saved regions. Figures 1, 2 , 5 and 6 show that there is a welldefined interval of amplitudes, ahead of the fall in the profiles with harmonic excitations, where the controlled profiles are above the harmonic profile and thus the control is effective in maintaining the dynamical integrity. This zone, which has been named the practical saved (or controlled) region in previous authors' works, permits one to appreciate, even visually, the advantages of using control excitations.
The practical saved region is usually comparable with the theoretical saved region, which is in between the homoclinic bifurcation thresholds for harmonic and control excitations, and this proves how theoretical results are indeed practically realized.
Furthermore, according to the analytical predictions, which show that the theoretical saved region is "large" (increment of the critical threshold of 41% with one superharmonic) for "one-side" control and "small" (increment of 15%) for "global" control (Lenci and Rega, 2004a) , it is observed that also the practical saved region is larger in the case of "one-side" control ( Figure 1 ) and smaller -but in any case present -with "global" control (Figures 2  and 5) .
Various "failure" phenomena for softening oscillators. In softening systems, the onset of the out-of-well attractor is usually destructive, and leads to structural failure. This corresponds to different physical situations: the ship capsizing for the Helmholtz oscillator, overturning for the rigid block, dynamic pull-in for MEM sensors. However, it is worth noting that there exist softening mechanical oscillators for which the onset of out-of-well dynamics is not destructive and, on the contrary, is desirable. An example is given by the pull-in solutions in MEM switches (Nayfeh et al., 2007) .
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While the shift of the erosion toward higher excitation amplitudes is highly positive because it increases the range of system dynamic reliability, the onset of the failure attractor is not strictly related to the erosion behavior, but rather to the post-erosion features: the principal two are discussed in the next few points.
Delay of escape. While being effective in shifting the erosion profiles, the control is not expected to be able to also shift the escape, i.e., the end of the erosion profiles. This surprisingly occurs for the Helmholtz oscillator in the range 4 6 0181 5 0185 (Figures 1(b) and 1(c) ), i.e., just across the vertex of the V-shaped region of escape, where even the slight increment of escape threshold in Figures 1(b) and 1(c) is very useful (Lenci and Rega, 2003a) . This highlights an unexpected practical performance of control, which hopefully holds also around the vertex of the V-shaped regions of the other softening oscillators, although this has not been directly checked.
In the other cases reported in Section 3, on the other hand, the control does not affect the escape threshold (Figures 1(a) , 1(d) and 6) or even reduces it, as it is evident in Figure 5 , and also in Figure 2 . However, it is worth noting that this is not actually a drawback of the control method, whose implementation has not been designed to increase the escape threshold, which could be done in principle and would lead to different optimal excitations, but just to shift the erosion profiles -rigorously, to increase the triggering point of erosion represented by the homo/heteroclinic bifurcation of the hilltop saddle. And the control has shown to be fully effective with respect to this goal.
Sharpness of the profiles.
A sudden fall (the so-called "Dover cliff" (Lansbury et al., 1992) ) is observed in most erosion profiles apart from those of the rigid block (Figure 3 , which shows only a relatively smooth fall, and Figure 5 , where the sudden fall is marked with the control yet less marked with harmonic excitation), and from that of Figure 6 (b) (which indeed would also show a -more marked -fall if drawn on a different scale). This shows that the out-of-well eroding tongues rapidly penetrate and erode the safe basin. An explanation of the sharpness in terms of the influence of resonance on the erosion process is reported next.
Sharpness is unpleasant from a practical point of view, because the sudden loss of integrity means that the system rapidly becomes unsafe, and small imperfections or uncertainties can lead to instantaneous failure of the structure. This is further supported by the fact that the basin boundaries become fractal when approaching the peak of the fall.
While shifting the profiles forward, the control does not show to be able to reduce sharpness, which instead is slightly increased in some cases (e.g., Figure. 1(a) and 1(b) ). Thus, while enlarging the range of system reliability (by the saved region), the control is not able to eliminate its final sensitivity to small perturbations, which can be interpreted as a sort of practical structural instability. (Helmholtz, Duffing, MEMS) internal frequency. When compared to the dullness of the diagrams in Figure 3 , the sharpness of the other profiles can be attributed to the influence of the resonance on the erosion process, or better, on the V-shaped region of escape (Szemplinska-Stupnicka, 1992) , which is a direct consequence of a resonant excitation. In fact, the rigid block is the only system considered with no internal frequency, whose effect, whether existing and externally excited, is of course to enhance the high amplitude response features ending in escape. This conjecture is further supported by the observation that also in the Helmholtz oscillator, far enough from the vertex of the escape region (e.g., Figure 1(a) ) and therefore far away from resonance, the profiles are less sharp than those close to the vertex (e.g., Figure 1(b) and 1(c) ).
Erosion of systems without (rigid block) and with
More specifically, we note that in the neighborhood of the vertex of the V-shaped region the critical threshold for escape, where the erosion ends, is strongly reduced (SzemplinskaStupnicka, 19921 Lenci and Rega, 2003a) and approaches the homo/heteroclinic bifurcation threshold, where the erosion starts, so that erosion must necessarily develop suddenly. When this closeness is lost, either due to lack of resonance or far away from the resonant frequency, the erosion can, and actually does, develop gradually.
"One-side" versus "global" control. The comparison between "one-side" and "global" controls on a single system can be done only for the Duffing oscillator (Figure 2) , which is the unique system with two potential wells. In fact, in the Helmholtz oscillator and in the MEMS there is just one homoclinic bifurcation, so that "global" control does not apply. In turn, for the rigid block, there is a single potential well surrounded by a couple of heteroclinic connections, so that "one-side" control, which eliminates only one of the two bifurcations and amplifies the other Rega, 2005a, 2005b) , cannot be effective (as already noticed in the point "Homoclinic versus heteroclinic bifurcations") and indeed it has not been used.
Unfortunately, the comparison in Figure 2 is not fully enlightening because in the case considered the erosion curves of "one-side" control end well below the relevant homoclinic bifurcation, so that the extent of the corresponding practical saved region cannot be numerically evidenced. We can only say that (i) the erosion profile of "one-side" control, whether existing, is certainly above the other profiles, according to the theoretical predictions, which suggest the "one-side" control performs better than the "global" control and, of course, harmonic excitation, and that (ii) on the basis of Figure 2 it is possible to conjecture, by looking at the final part of curve (c) r , that if it were hypothetically continued, it would remain above curve (b) up to a certain limit.
The comparison between "global" control of the Duffing system and "one-side" control of the other systems, which is of course only slightly meaningful, seems to confirm the better practical performances of "one-side" control (in this respect, see also the point "Practical and theoretical saved regions"). Figure 3 . The most important conclusion which can be drawn on the basis of this picture is that classical safe basins underestimate erosion, which is instead better captured by "true" safe basins. The differences are dramatic when the excitation amplitude increases, as also confirmed by Figure 4 .
Classical versus true safe basins and GIM vs IF with harmonic excitation. This question is basically addressed in
Still referring to classical safe basins, we see that IF and GIM basically coincide up to 2 1 7 0115, where they diverge in correspondence with a step likely due to a secondary global bifurcation. This shows how GIM performs less well than IF in detecting system evolutions.
In the case of "true" safe basins, an opposite situation is observed. Here, IF is systematically greater than GIM, the differences being not negligible. Thus, one can argue that in this case the GIM is better than the IF, but this requires more confirmation and we feel that it is not a general property. However, both measures correctly capture the global phenomena and provide qualitatively similar erosion profiles.
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The comparison between the two IFs and the two GIMs shows that while the former are relatively close to each other, the latter are very far apart. Thus, the IF (GIM) seems to be a measure low-(high-) dependent on the excitation phase. This property shows that (i) the former measure is intrinsically better than the latter, and that (ii) if use is made of IF instead of GIM, we automatically "rule out" -or better strongly reduce -the effects of the excitation phase without using the "true" safe basins, whose construction is computationally more expensive, with a great operational advantage.
GIM versus IF for harmonic and control excitation.
A detailed comparison between IF and GIM as obtained with harmonic, (non optimal) control, and optimal control excitations is reported in Figure 6 . First, we note, again, that IF and GIM basically coincide up to the vertical step due to a secondary bifurcation. The overall curves scenario (i) confirms the findings for the rigid block under harmonic excitation (see previous point) and extends them to MEMS, (ii) also extends them to control excitations, and (iii) further supports the conclusion that IF is better that GIM in detecting system evolutions, as confirmed by the fact that IF highlights the erosion step better than GIM and that, afterwards, IF is always smaller than GIM for all excitations.
Both IF and GIM show the improvements obtained on passing from harmonic to (nonoptimal) control excitation, and also highlight that the largest shift is obtained with optimal control excitation. More specifically, the horizontal shifts of the profiles are comparable, while the vertical shift for a fixed excitation amplitude is more marked with IF, due to sharpness of the relevant profiles. This shows once again that IF is a better integrity measure. In any case, the profiles maintain their qualitative shapes on passing from harmonic to control excitations.
Erosion profiles for varying frequency. This point has been investigated for the Helmholtz oscillator (Figure 1 ) around the critical value 4 6 0181 corresponding to the vertex of the escape triangle (Szemplinska-Stupnicka, 1992) . The first property highlighted by Figure 1 is that shift of the erosion profiles is substantially independent of the frequency, showing the robustness of the method and being in agreement with the theoretical predictions, which suggest an 4-independent increment of the critical threshold. The slope of the profiles in the eroding region, on the other hand, varies with the frequency, becoming sharper around the critical frequency for the reasons discussed in "Erosion of system without and with internal frequency".
With control excitations, the shift of the erosion profiles extends just above the relevant homoclinic bifurcation values. In fact, after the beginning of the erosion, the profiles are sharp and rapidly tend to that of the reference harmonic excitation. For "low" frequencies (Figure 1(a) ) the three curves cross each other at nearly the same point, after which the GIM of the control excitations is lower than that of the harmonic excitation. Thus, in this frequency range, the control is effective in the saved region, ineffective above it.
Around 4 6 0181 the curves do not cross any more and the escape under control occurs for larger excitation values than with harmonic excitation (Figures 1(b) and (c)1 see also the point "Delay of escape"). Here the initial sharpness of the harmonic profile is slightly increased by control, thus amplifying the sort of instability discussed at the point "Sharpness of the profiles".
For "large" frequencies (Figure 1(d) ), the profile in the case of control with one superharmonic tends to recover the harmonic profile, while with two superharmonics it rapidly tends to zero, and the escape threshold decreases. Apart from this point, Figure 1(d) seems to confirm that also for large frequencies the control is effective in the saved region, as theoretically expected, while it is substantially ineffective above it.
Although control is not expected to improve the escape behavior, it is worth noting that for low and high frequencies the control escape threshold is decreased with respect to the harmonic one, while the opposite occurs around the critical frequency. Thus, the V-shaped escape region is both opened and raised (Lenci and Rega, 2003a) . The fact that for small and large frequencies the escape is lowered by control is not actually dangerous, because in the lateral ranges the escape already occurs for fairly large amplitudes with harmonic excitation, so that control is practically unnecessary.
Effects of increasing number of controlling superharmonics. The effect of the increasing number N of controlling superharmonics has been investigated in the case of Helmholtz oscillator (Figure 1 ), and therefore with only "one-side" control.
The general conclusion is that the larger the number of superharmonics, the larger the horizontal shift of the profiles (apart from the pathological case of Figure 1(d) ) as well as the practical saved region, in agreement with the theoretical predictions. In Figure 1 (a) this correspondence holds up to the end of the saved region, where the control is expected to work, and not further on, where it has no more resources.
A more detailed look at Figure 1 shows that the relative increment due to the addition of the second superharmonic is lesser than the increment due to the first superharmonic. This is also in qualitative agreement with the theoretical predictions (Lenci and Rega, 2003a) , which suggest the increment from harmonic to control with N 6 1 to be about 1.41, while the increment from harmonic to control with N 6 2 is about 1.62, so that the first one is expected to be about 40% and the successive relative increment is expected to be 11621141 6 11148, namely, about one third of the first increment (compare with Figure 1(a) ).
Effects of relative amplitudes of added superharmonics. This point, which indeed entails checking the practical effects of non optimal control superharmonic terms, has been investigated with reference to MEMS.
The effects of the increasing excitation amplitude 2 1 with a non optimal fixed value of the superharmonic relative amplitude 2 2 /2 1 are shown in Figure 6 and have been illustrated in other points. The opposite case of fixed excitation amplitude and varying 2 2 /2 1 is illustrated in Figure 7 , which reports IF and GIM divided by the respective values of integrity measure with the harmonic excitation. Thus, the curves in Figure 7 measure the practical increments with respect to the reference harmonic excitation.
The most important point is that the maximum of both curves is attained for the same value of 2 2 /2 1 , which actually coincides with the theoretically predicted value (Lenci and Rega, 2006) . We can then conclude that theoretical predictions are well verified in practice, somewhat beyond expectations, because the controlled homoclinic bifurcation only triggers the erosion and is not directly involved in the subsequent basin evolution, so that some major discrepancies would not actually be surprising.
While sharing the same qualitative shapes, the two curves of Figure 7 have important quantitative differences due to their different ability to measure the effect of penetrating eroding tongues on the integrity, which is also the reason why IF is usually sharper than GIM (see the appropriate point). In particular, with IF, the optimal increment with respect to the harmonic excitation is about 2.22, which is significantly larger than the theoretical value 1.41 (see previous point), thus showing how practical performances are somehow better than theoretical expectations1 instead, with GIM, the optimal increment is significantly smaller, being about 1.08. Yet, it is still larger than 1, thus showing how also this measure is capable of highlighting the benefits of control, though to a reduced extent. These results suggest, again, that the IF is a better measure of integrity in practical applications.
An important conclusion can be drawn from Figures 6 and 7, namely that quite good results can be obtained with a superharmonic even smaller than the optimal one, at least for the case considered. This is due to the fact that, for example, for 2 2 2 1 6 015, the theoretical (Lenci and Rega, 2006) and practical gains are still larger than 1, though not optimal. This may be useful in applications, because the optimal excitation may be too expensive, and one may prefer cheaper control excitations providing still satisfactory, although not optimal, results.
Control effort. An issue which cannot be judged based on the results summarized in Section 3 but is important is the control effort needed to achieve the enhancement of the integrity. To quantify this aspect, one can naturally refer to the relative magnitudes 2 i /2 1 of the added controlling superharmonics, which also have the advantage of being dimensionless numbers. Other choices are of course possible, and the smaller 2 i /2 1 the cheaper the control, even if in some cases it might be not so difficult to add high amplitude superharmonics.
The ratios 2 i /2 1 can be expressed in the form 2 i /2 1 6 f 345, where f (.) varies from system to system and is an increasing function of the excitation frequency 4. At first glance this might appear a drawback, which is not actually the case in practice. Indeed, for large values of the excitation frequency, the critical threshold for homo/heteroclinic bifurcation occurs in the various systems at values of the excitation amplitude so high as to need no control. Accordingly, the sub-horizontal plateau of the erosion profiles extends over a quite large range of excitation amplitude values, then falls at the critical thresholds in a less sharp way than in most profiles of Section 3 (see the previous specific points in this section), again confirming the uselessness of control in this case. Control is indeed commonly necessary around resonant frequencies, where the ratios 2 i /2 1 assume reasonable values, i.e., the cost of control is small enough to be proposed in practical applications.
CONCLUSIONS AND FURTHER DEVELOPMENTS
The three steps necessary for correctly evaluating the dynamical integrity of mechanical systems have been critically addressed: definition of the safe basin1 use of an integrity measure characterizing its magnitude1 study of the variation of integrity due to variations of meaningful system parameter(s).
The safe basin has been identified as the union of the basins of attraction of all the attractors belonging to a given potential well, while two different measures, the GIM and the IF have been used. The former is the most natural and simple measure, the latter permits one to rule out the unsafe region of fractality while maintaining a certain algorithmic simplicity.
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The variation of integrity when changing the excitation amplitude has been analyzed through the erosion profiles.
The issue of maintaining the dynamical integrity as far as possible by an appropriate control technique has been considered. A control method previously developed by the authors and based on the elimination of the homo/heteroclinic bifurcation of hilltop saddles, which is the event triggering the erosion, has been applied.
Dynamical integrity and control of four different archetypal mechanical systems have been studied for illustrative and comparison purposes, by numerically determining the relevant erosion profiles.
The principal conclusion which can be drawn is that the control is always effective in reducing erosion, to an extent which varies from case to case and which has been investigated in depth. This is proved by the erosion profiles, which always show good agreement with the theoretical predictions. It has been shown that in certain cases the control works well above theoretical expectations.
Several subsidiary specific issues of mechanical, dynamical and control nature have been discussed in detail with the aim of shedding light on the phenomenon of dynamical integrity reduction, and on its control.
As far as further developments are concerned, we mention the study of the erosion of other systems having different mechanical features, such as the Helmholtz-Duffing oscillator, and a detailed study of the erosion of the basin of one single attractor instead of that of the union of in-well attractors. The erosion of out-of-well attractors is also of interest especially in view of specific practical applications concerned with pull-in solutions of MEM switches or rotating solutions of the parametrically excited pendulum.
These are developments of interest from an engineering viewpoint. Also more theoretical developments are worth pursuing. Among others, we quote the in-depth investigation of the topological mechanisms responsible for erosion, in particular as regards the sudden fall in the profiles, along the lines first investigated in Thompson (1989) .
Finally, it would certainly be interesting to consider the case of more degrees of freedom, from both the dynamical and the control point of view. In principle, all of the dynamical integrity arguments can be repeated word by word, but the actual computation of the safe basin is far from being trivial, because one works in hyperspaces, and it must be faced appropriately. However, the matter of control can still be pursued, as already done -based on a refined theoretical treatment of the homoclinic bifurcation -in the limit case of a continuous (i.e., infinite d.o.f.) system, for the specific case of a buckled beam (Lenci and Rega, 2007) . The results of this work call for an extension to more general situations.
